The present work deals with a set of problems in isotope shifts of neutral barium spectral lines.
I. INTRODUCTION
The first isotope shift (IS) measurements on barium have been done by Arroe [1] , who studied the resonance transition 6s 2 1 S 0 −6s6p 1 P o 1 of neutral barium located at a wavelength of λ 1 = 553.7 nm. One of the first attempts to obtain the differences of nuclear mean-square charge radii of the radioactive barium nuclides 140−134 Ba was done by Fischer et al. [2] who investigated experimentally and theoretically the isotope shift in the Ba II resonance line 6s 2 S 1/2 − 6p 2 P o 1/2 at λ = 493.4 nm. Their results are often used by other authors. Later, the Doppler-free spectroscopy was explored by Nowicki et al. [3, 4] who studied the neutrondeficient isotopes 131 Ba and 128 Ba. Using the same procedure Bekk et al. [5] pursued the work of Nowicki et al. with other unstable isotopes. Concurrently but independently, Baird et al.
[6] proposed a similar experiment. Years later, thanks to high-resolution laser spectroscopy
Grundevik et al. [7] explored the far-red transitions between the 6s5d and 6p5d configurations and, in continuity, investigated the spin-forbidden transition 6s 2 1 S 0 − 6s6p 3 P o 1 at λ 2 = 791.3 nm [8] . In a work of Mueller et al. [9] , collinear laser spectroscopy has been connected to the mass separator ISOLDE-II at CERN. One of the aim of this experiment was to extend the knowledge on fundamental nuclear properties into regions far from stability. In that context, isotope shifts of barium isotopes in the mass range 122-146 have been measured for the λ 1 atomic transition. Finally, Wijngaarden and Li [10] (re)measured IS of the same transition using a ring dye laser and obtained the most recent and precise IS values of this line. Many other measurements were also reported on highly excited states of Ba I [11, 12] .
The theoretical barium studies are far less advanced. In 1974, Trefftz et al. [13] performed calculations on various states of barium using MCHF wave functions generated with the code of Froese Fischer [14] but did not study IS. King and Wilson [15] used a modified version of the latter program that includes the mass velocity and Darwin terms in order to calculate electron densities at the nucleus. Besides, Fricke et al. [16] and Olsson et al. [17] used MCDHF wave functions to compute electronic F factors. Finally, in an unpublished work, Kozlov and Korol [18] calculated the field and mass shifts of Ba I and Ba II using second order many-body perturbation theory to take core-valence and valence correlations into account.
Our interest has been picked up by the paper of Dammalapati et al. [19] 
II. ISOTOPE SHIFT THEORY
The main ideas of the isotope shift theory are hereafter outlined. The interested reader should look at the pioneer works of Shabaev [20] [21] [22] [23] [24] and Palmer [25] who expressed the theory of the relativistic mass shift as used in the present work. The tensorial form of the relativistic recoil operator was derived by Gaidamauskas et al. [26] . Based on those developments a module, called ris3 (Relativistic Isotope Shift) was designed [27] for the revised version ofgrasp2K package [28] .
A. Mass shift
The finite mass of the nucleus gives rise to a recoil effect, called the mass shift (MS). The nuclear recoil corrections within the (αZ) 4 m 2 /M approximation are obtained by evaluating the expectation values of the operator
Separating the one-body (i = j) and two-body (i = j) terms that respectively constitute the normal mass shift (NMS) and specific mass shift (SMS) contributions, the Hamiltonian (1) becomes
The (mass-independent) normal mass shift K NMS and specific mass shift K SMS parameters are defined by the following expressions
When discussing a transition isotope shift, one needs to consider the variation of the mass parameter from one level to another. The corresponding line frequency isotope mass shift is written as the sum of the NMS and SMS contributions:
where 
B. Field shift
The energy shift arising from the difference in nuclear charge distributions between two isotopes A and A ′ for levels i = (ℓ, u) involved in transition k, the frequency field shift (FS) of the spectral line k can be written as [29] [30] [31] 
F k is the line electronic factor
proportional to the change of the total probability density at the origin associated with the electronic transition between levels ℓ and u. In this approximation, the first-order frequency field shift becomes
C. The total isotope shift
It is easy to estimate the total line frequency shift by merely adding the mass shift (5) and field shift (7) or (9) contributions
III. COMPUTATIONAL PROCEDURE
The multiconfiguration Dirac-Hartree-Fock (MCDHF) method [32] , as implemented in the program package grasp2K [28, 33] , is employed to obtain approximate wave functions that we will refer to as atomic state wave functions (ASFs). An ASF is represented by a linear combination of configuration state functions (CSFs) with same parity P , total angular momentum J and component M J along z-direction
where {c i } are the mixing coefficients and {γ i } the sets of quantum numbers needed for specifying unambiguously CSFs. The latter are built from single-electron orbital wave func- 
where V (r i ) is the monopole part of the electron-nucleus interaction, α and β are the (4 × 4)
Dirac matrices and c is the speed of light (c = 1/α in atomic units, where α is the finestructure constant).
To effectively capture major electron correlation, CSFs of a particular parity and symmetry are generated through substitutions within an active set of orbitals occupied in the reference configuration. As regards of the hardware and software limitations, it is obviously impossible to include all CSF in the sense of a CAS expansion. The CSFs expansions have to be constrained so that the major correlation excitations are taken into account. In our calculations an approach based on single (S) and restricted double (rD) substitutions was applied [38] . Ref. [4] Ref. [5] Ref. [6] Ref. [37] Ref. [7] Ref. [10] 138 longing to a given term were optimized simultaneously with standard weights through the EOL scheme and the set of virtual orbitals is increased layer by layer. Starting from the n = 9 correlation layer, the core is fully opened but the new CSF are generated by single excitations from the reference. The effect of adding the Breit interaction to the DC Hamiltonian (13) is estimated to be much smaller than the uncertainty in the transition isotope shift parameters with respect to the correlation model. This interaction has been therefore neglected. 
Ref. [10] 
Ref. [8] . Table I reports, nuclear root-mean-square (rms) charge radii and meansquare charge radii differences from several sources, taking 138 Ba as the reference isotope.
The aim of this table is to illustrate the difficulties to reduce uncertainties on the nuclear rms charge radii. The first set of columns is obtained with the semi-empirical formula
and is compared with the values compiled by Angeli [35] and Angeli and Marinova [36] . The positive sign of δ r 2 (according to the convention δ r
indicates that the neutron deficient isotopes of barium have smaller rms radii than 138 Ba.
The second-half of the table reports the δ r and SMS value deduced in [2] , Bekk et al. [5] were able to get their own F factor. They deduced the NMS through the relation
and, assuming that δν SMS = (0 ± 1)δν NMS [4] , obtained the nuclear mean-square charge radii values. As pointed out by the authors themselves, the latter approximation is the major source of the uncertainties on δ r 2 . Baird et al. [6] combined their own results with other optical data and electronic x-ray measurements. Muonic x-ray measurements of the nuclear charge radii and δ r 2 values were presented by Shera et al. [37] . By comparing IS data on It is worthwhile to notice that in some cases the rms charge radius r 2 1/2 decreases when the number of neutrons increases along the isotope chain. This will never be reflected when using the semi-empirical formula (14) whose values increase monotonically. Therefore, in present paper, this approach will be left aside when rms charge radii are needed, in favor of data coming from the literature such as Angeli (and Marinova)'s compilations [35, 36] .
In addition, table I demonstrates the difficulties to isolate the nuclear rms radius and sheds light on the remaining large uncertainties on the δ r 2 nuclear data for these systems.
B. Some well-known transitions
The resonance transition 6s
is maybe the most well-known in barium and is, together with the intercombination line 6s 
where the total electronic binding energy (expressed in eV) is estimated using [41, 42] B el (Z) = 14.4381 Z 2.39 + 1.55468 · 10
Atomic masses are provided by [43] . 
Field shift calculation
The level field shift in Ba I is around 10 −4 E h for both states 6s 2 1 S 0 and 6s6p 1 P o 1 , while the transition FS is 10 −8 E h ; a good accuracy is not easy to reach especially for a total binding energy around −8000E h . With that respect, the formalism (9) is more reliable in view of the extreme difficulty to obtain highly converged total energies. Furthermore, the perturbative approach offers the freedom to explore and seek for the best nuclear mean-square radius. The isotope shifts of the 6s 2 1 S 0 − 6p 2 3 P 0 transition reported in table VI, are taken from the work of Jitschin and Meisel [45] . They resolved the IS for several highly excited states, using Doppler-free two-photon laser spectroscopy. They needed the relevant electronic F factors to extract the δ r 2 values and the only response was from Olsson et al. [17] . Based on the correlation model detailed in section III, we calculated the IS parameters of the 6p 2 3 P 0 state. The errors bars are sensitively larger than for the two other experiments. However, the consistency between the three independent sets give us confidence in the reliability of our electronic parameters (K MS and F ), which is the original point of this section.
Let us refer to the table I in order to compare these newly extracted values with the available ones. The δ r 2 values from the semi-empirical formula as well as results of Baird et al. [6] are both out of range but there are some nice agreements with the other experiments.
The results of Bekk et al. [5] and Grundevik et al. [7] seem to be confirmed, especially It firstly appears that the electronic F factor is much smaller and the ∆ K MS param- In theory, the ∆K MS parameter is isotope-independent and its value should be identical for a given transition. 
CONCLUSION
The analysis of the 6s 2 1 S 0 −6s6p 3,1 P o 1 and 6s 2 1 S 0 −6p 2 3 P 0 transitions, gave us confidence in our calculations of the electronic factors. At the end of their paper, Dammalapati et al. [19] suggest that "the nuclear spin gives rise to an additional contribution to the IS" for odd isotopes, but on the basis of our new results − and also the presence of discrepancies for even isotopes − their statement is open to doubt. However, complementary investigations would be highly valuable. For instance, with respect to the large MS effects found for these transitions, further investigation of the convergence of the ab initio parameters would be welcome to confirm our predictions. The convergence of the electronic parameters with respect to more elaborate correlation models should be investigated to refine the estimation of the accuracy of our electronic parameters. Unfortunately, the present calculations have reached the limits of the current computational limits. Furthermore, by studying other transitions, more confidence could be obtained on the nuclear mean-square radii between two isotopes. To continue this study of the nuclear mean-squares charge radii of barium, many investigations remain possible. One of the other possibility would be to reinvestigate the Ba II system, that also presents many experimental studies [46, 47] and only few relativistic calculations [2] . Another interesting track would be to (re)investigate experimentally isotope shifts of transitions involving the 6s5d 3 D J levels.
